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Heat Kernels on Metric Spaces
with Doubling Measure
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Abstract. In this survey we discuss heat kernel estimates of self-similar type
on metric spaces with doubling measures. We characterize the tail functions
from heat kernel estimates in both non-local and local cases. In the local
case we also specify the domain of the energy form as a certain Besov space,
and identify the walk dimension in terms of the critical Besov exponent. The
techniques used include self-improvement of heat kernel upper bound and the
maximum principle for weak solutions. All proofs are completely analytic.
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1. Introduction

The heat kernel is an important tool in modern analysis, which appears to be useful
for applications in mathematical physics, geometry, probability, fractal analysis,
graphs, function spaces and in other fields. There has been a vast literature de-
voted to various aspects of heat kernels (see, for example, a collection [29]). It is
not feasible to give a full-scale panorama of this subject here. In this article, we
consider heat kernels on abstract metric measure spaces and focus on the following
questions:

e Assuming that heat kernel satisfies certain estimates of self-similar type, what
are the consequences for the underlying metric measure structure?

e Developing of the self-improvement techniques for heat kernel upper bounds
of subgaussian types.

A.G. was supported by SFB 701 of the German Research Council (DFG) and the Grants from
the Department of Mathematics and IMS in CUHK. J.H. was supported by NSFC (Grant No.
10631040) and the HKRGC Grant in CUHK. K.S.L. was supported by the HKRGC Grant in
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Useful auxiliary tools that we develop here include the family of Besov func-
tion spaces and the maximum principle for weak solution for abstract heat equa-
tion.

Some of these questions have been discussed in various settings, for example,
in [1, 4, 10, 12, 14, 18, 32, 33, 35, 36, 37, 38, 39] for the Euclidean spaces or
Riemannian manifolds, in [5, 7, 25] for torus or infinite graphs, in [9, 27, 41]
for metric spaces, in [2, 3, 6, 26] for certain classes of fractals. The contents of
this paper are based on the work [20], [21], [22] and [24]. Similar questions were
discussed in the survey [19] when the underlying measure is Ahlfors-regular, while
the main emphasis in the present survey is on the case of doubling measures.

Notation. The sign =< below means that the ratio of the two sides is bounded from
above and below by positive constants. Besides, ¢ is a positive constant, whose
value may vary in the upper and lower bounds. The letters C, C’, ¢, ¢ will always
refer to positive constants, whose value is unimportant and may change at each
occurrence.

2. What is a heat kernel

We give the definition of a heat kernel on a metric measure space, followed by some
well-known examples on Riemannian manifolds and on a certain class of fractals.

2.1. The notion of a heat kernel

Let (M,d) be a locally compact separable metric space and let u be a Radon
measure on M with full support. The triple (M, d, ) is termed a metric measure
space. In the sequel, the norm in the real Banach space LP := L? (M, i) is defined
as usual by

/1], = (/M | (@)l d#($)>1/p, 1<p<oo,

and
| flloo == esup | f(@)],
zEM

where esup is the essential supremum. The inner product of f,g € L? is denoted

by (f,9)-

Definition 2.1. A family {p:},., of functions p,(x,y) on M x M is called a heat
kernel if for any ¢ > 0 it satisfies the following five conditions:

1. Measurability: the pi(-, -) is p x g measurable in M x M.
2. Markovian property: p: (z,y) > 0 for y-almost all z,y € M, and

/ pe(z,w)duy) < 1, 2.1)
M

for p-almost all z € M.
3. Symmetry: pi(z,y) = p(y,z) for p-almost all z,y € M.
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4. Semigroup property: for any s > 0 and for p-almost all z,y € M,

Pesal,y) = /M P, 2)ps (2, 9)dia(7): (2.2)

5. Approzimation of identity: for any f € L?
[ pilon) £ @) du@) 5 @) st =0+
We say that a heat kernel p; is stochastically complete if equality takes place
n (2.1), that is, for any ¢ > 0,
/Mpt(a:,y)du(y) =1 for p-almost all z € M.

Typically a heat kernel is associated with a Markov process ({Xt}tZO {Ps}ge M>
on M, so that p; (,vy) is the transition density of X;, that is,

P, (X, € A) = /Apt (z,y) dp ()

for any Borel set A C M (see Fig. 1).

FiGURE 1. Markov process X; hits the set A

Here are some examples of heat kernels.
Example 2.2. The best-known example of a heat kernel is the Gauss- Weierstrass

_ |z —y[?
pe(x,y) = W exp (_—_4t—) . (2.3)

Tt satisfies all the conditions of Definition 2.1 provided p is the Lebesgue measure.
This heat kernel is the transition density of the canonical Brownian motion in R™.

function in R™:

Example 2.3. The following function in R™

n+tl
C, z—-y2\ =
p(,y) = o (1 + l—?—l“> (2.4)

(where Cy, = T' (kL) /n("+1)/2) ig known on the one hand as the Poisson kernel,
and on the other hand as the density of the Cauchy distribution. It is not difficult



6 A. Grigor’yan, J. Hu and K.-S. Lau

to verify that it also satisfies Definition 2.1 (also with respect to the Lebesgue mea-
sure) and, hence, is a heat kernel. The associated Markov process is the symmetric
stable process of index 1.

More examples will be mentioned in the next section.

2.2. Heat semigroup and Dirichlet forms

The heat kernel is an integral kernel of a heat semigroup in L2. A heat semigroup
corresponds uniquely to a Dirichlet form in 2.

A Dirichlet form (€, F) in L? is a bilinear form £ : F x F — R defined on a
dense subspace F of L2, which satisfies in addition the following properties:

o Positivity: £(f) :=E(f, f) > 0 for any f € F.
» Closedness: the space F is a Hilbert space with respect to the following inner
product:

E(f,9)+(f9).
o The Markov property: if f € F then the function
g = min {1, max{f,0})}
also belongs to F and £ (g) < € (f). Here we have used the shorthand & (f):=
E, 1)

Any Dirichlet form has the generator £, which is a non-positive definite self-
adjoint operator on L2 with domain D C F such that

E(f,9)=(-Lf,9)

for all f € D and g € F. The generator determines the heat semigroup {Pt}tzo
defined by P; = e**. The heat semigroup satisfies the following properties:
o {P,}4>0 is contractive in L2, that is P fll, < |IfIl, for all f € L2 and ¢t > 0.

o {P}i>0 is strongly continuous, that is, for every f € L?,
Ptfl“:fast—»O—F.
o {P,}4>0 is symmetric, that is,
(Pef,9) = (f,Prg) forall f,ge L
o {P;}i>0 is Markovian, that is, for any ¢ > 0,
if f>0then P.f >0, and if f <1 then P,f < 1.

Here and below the inequalities between L2-functions are understood -
almost everywhere in M.

The form (€, F) can be recovered from the heat semigroup as follows. For
any ¢t > 0, define a quadratic form & on L? as follows

E(f) =2 (f ~ BAJ). (2.5)

It is easy to show that &, (f) is non-negative and is increasing as t is decreasing.
In particular, it has the limit as ¢ — 0. It turns out that the limit is finite if and
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only if f € F, and, moreover,

im & (f) =€ (f)

t—0+

(cf. [9]). Extend &; to a bilinear form as follows

&Uﬂ%=%ﬁ—ﬂﬁw-

Then, for all f,g € F,
t,li%’h_gt(f’g):g(f’g)

The Markovian property of the heat semigroup implies that the operator P
preserves the inequalities between functions, which allows to use monotone limits
to extend P, from L? to L™ and, in fact, to any L7, 1 < ¢ < co. Moreover, the
extended operator P; is a contraction on any L7 (cf. [15, p.33]).

Recall some more terminology from the theory of the Dirichlet form (cf. [15]).
The form (£, F) is called conservative if P,1 = 1 for every ¢ > 0. The form (€, F)
is called local if £(f, g) = 0 for any couple f, g € F with disjoint compact supports.
The form (€, F) is called strongly local if £(f,g) = 0 for any couple f,g € F with
compact supports, such that f = const in an open neighborhood of supp g.

The form (€,F) is called regular if F N Cy (M) is dense both in F and
in Co (M), where Co(M) is the space of all continuous functions with compact
support in M, endowed with the sup-norm. For a non-empty open 2 C M, let
F(Q) be the closure of F N Cy(2) in the norm of F. It is known that if (£, F) is
regular, then (£, F(Q)) is also a regular Dirichlet form in L?(Q, ).

Assume that the heat semigroup {P;} of a Dirichlet form (£, F) in L? admits
an integral kernel p;, that is, for all £ > 0 and z € M, the function p; (z, -) belongs
to L?, and the following identity holds:

Pf (z) = /Mpt (2,9) F () du (), (2.6)

for all f € L? and p-a.a. x € M. Then the function p; is indeed a heat kernel, as
we will show below. For this reason, we also call p; the heat kernel of the Dirichlet
form (€, F) or of the heat semigroup {FP;}.

Observe that if the heat kernel p; of (€, F) exists, then by (2.5) and (2.6),

&)= [ [ 0) = 5@ nlon)duty)inta (2.7
41 [ (0= PAE) f() duto) (2.8)

for any t > 0 and f € L?.

Proposition 2.4. ([21]) If p; is the integral kernel of the heat semigroup {F;}, then
Dy 18 a heat kernel.

Proof. We will verify that p; satisfies all the conditions in Definition 2.1. Let £ > 0
be fixed until stated otherwise. '
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(1) Setting p; o = pi(z,-), we see from (2.6) that, for any f € L2,
P, f(z) = (p1,z, f) for p-almost all z € M,
whence it follows that the function z — (p; 4, f) is p-measurable in z. Let {o}ee,

be an orthonormal basis of L2. Using the identity

oo

Pe(2,9) = oo (U) = D (Prias 08) 01 (¥)
k=1

we conclude that p; (z,y) is jointly measurable in z,y € M, because so are the
functions (ps.z, ¥x) @k (y)-

(2) By the Markovian property of P;, for any non-negative function felI?
there is a null set Ny C M such that

Fif(x) >0 forallze M\N;.

Let S be a countable family of non-negative functions, which is dense in the cone
of all non-negative functions in L?, and set

N= N
fes

so that A is a null set. Then P;f (z) > 0 for all z € M \ N and for all f € S.
If f is any other non-negative function in L?, then f is an L2-limit of a sequence
{fx} C S, whence, for any z € M \ N,

(pt,a:,f) = klir{olo (pt,wa fk) = k;li»n;o f)tfk (CC) > 0.

Therefore, for any z € M \ A/, we have that Pt = 0 p-a.e. in M, which proves
that p; (z,y) > 0 for p-a.a. z,y € M.

Let K C M be compact. Then the indicator function 1 belongs to L? and
is bounded by 1, whence

/Kpt (zy)dp(y) = Plg (z) <1

for y-a.a. z € M. Choosing an increasing sequence of compact sets {Ky,}2, that
exhausts M, we obtain that

[ mwwant) = tim [ oG p)de s
M n—c0 Kn

for y-a.a. x € M.
Comnsequently, for any compact set K C M, we obtain by Fubini’s theorem

/K o (@,y) du(y)dp(z) = /K < /M Dt (x,y)du(y)> dp (w)
S/Kdu(z):u(K)<oo,

which implies that p, (z,y) € LL_(M x M).

loc
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(3) For all f,g € L?, we have, again by Fubini’s theorem,
(Ph9) = [ o) ()9 (@) A (z). (29)
MxM

On the other hand, by the symmetry of P,
(PL9)=(1.Pg) = [ Pig) ] )duw)

- / pe(1,2) £ () 9 (&) dyu(y)d(). (2.10)
MxM

Comparing (2.9) and (2.10), we obtain p;(z,y) = p;(y,z) for p-almost all
z,y € M.

(4) Using the semigroup identity Piis = P, (P;) and Fubini’s theorem, we
obtain that, for any f € L? and for p-a.a. z € M,

Piysf (z) = Py (P f) (z)

- [ n@ ( [ pewi e (y)> au (2)

= [ ([ nwamte D)) 1 ) du ),

whence, for any g € L2,

tuti)= [ ( / pt(ﬂ?,z)ps(z,y)du(Z)) £ (4) ¢ (2) du(y)du(a).
Comparing with :

Pt 0) = [ b 9] )9 @) dulw)in (0),
MxM
we obtain (2.2).
(5) Finally, the approximation of identity property follows immediately from
2
(2.6) and Pf5 fast—o. O

Corollary 2.5. If p; and q; are two integral kernels of a heat semigroup {P,}, then,
for any t > 0,
Pt (2,y) = qi (z,y) for p-a.a. z,y € M. (2.11)

Proof. Similarly to (2.9), we have
Pif0)= [ a(o,9) )9 @) dulu)dn (@),
MxM

Comparing with (2.9), we obtain (2.11). O

Remark 2.6. Of course, not every heat semigroup possesses a heat kernel. The
existence for the heat kernel and results related to these on-diagonal upper bounds
can be found in [4, Theorem 2.1], [2, Propositions 4.13, 4.14], [8], [9], [11], [13],
[14, Lemma 2.1.2], [17], [21], [23], [31], [40], [41], [42], [43].
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2.3. Examples

Example 2.7. Let M be a connected Riemannian manifold, d be the geodesic
distance, and p be the Riemannian measure. The Laplace-Beltrami operator A on
M can be made into a self-adjoint operator in L2 (M, i) by appropriately defining
its domain. Then A generates the heat semigroup P, = et2, which is associated
with the local Dirichlet form (&, F) where

e = [ VI duy F =W ).

The corresponding Markov process is a Brownian motion on M.

1t is known that this { ;} always has a smooth integral kernel p; (z,y), which
is called the heat kernel of M. Although the explicit expression of p;(z,y) can not
be given in general, there are many important classes of manifolds where p; (z, y)
admits certain upper and/or lower bounds. For example, as it was proved in [32],
if M is geodesically complete and its Ricci curvature is non-negative, then

1 d(x,y)2>
)= — -  zy € M,t>0, 2.12
pt(m y) v (.’E, \/'Z) €xXp ( c i Yy ( )

where V(z,7) = p(B(z,r)) is the volume of the geodesic ball

B(z,r) ={y e M : d(y,z) <r}.
Example 2.8. If A is a self-adjoint Laplace operator as above then the operator
L=— (—A)ﬁ/2 (where 0 < § < 2) generates on M a Markov process with jumps.
In particular, if M = R™ then this is the symmetric stable process of index 3, and

the corresponding heat kernel admits the following estimate
_ntp

_ 1 z—y®\ 7
pt(m,y)ﬁm<1+f :

A particular case g = 1 was already mentioned in Example 2.3.

Example 2.9. Let M be the Sierpinski gasket! in R (see Fig. 2).

It is known that the Hausdorff dimension of M is equal to a = log(n +
1)/log2. Let p be the a-dimensional Hausdorff measure on M, which clearly pos-
sesses the same self-similarity properties as the set M itself. It is possible to con-
struct also a self-similar local Dirichlet form on M which possesses a continuous
heat kernel, that is the transition density of a natural Brownian motion on M;
moreover, the heat kernel admits the following estimate

1 d(x,y) 6/(‘3*1)
2a7p XD (—c < i/ ) , (2.13)

where § = log(n + 3)/log2 is the walk dimension (see [6], [16], [30]). Similar
results hold also for a large family of fractal sets, including p.c.f. fractals and the
Sierpinski carpet in R™ (see [30] and [3]), but with different values of a and .

pe(z,y) =

IFor the background of fractal sets including the notion of the Sierpinski gasket, see [2].
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FIGURE 2. Sierpinski gasket in R?

3. Auxiliary material on metric measure spaces

Fix a metric measure space (M, d, 1) and define its volume function V (z,r) by
V (#,1) = (B (z,7))
where x € M and r > 0.

3.1. Besov spaces

Here we introduce function spaces W#/%? on M. Choose parameters 1 < p < oo,
B > 0 and define the functional Eg p (u) for all functions u € L? as follows:

Baalw) = swp r 7% [ s [ )~ )| e 01

For simplicity, if p = 2, denote it by
Eﬁ(u) = Egyg('u).
The Besov space WP/2? ig defined by
Wh/2P .= (ye IP: Eg,(u) < oo} (3.2)

with the norm
lullwsrew = l[ullp + Egp(u)'/”.
For Ahlfors regular? measures y, the Besov space W5/ was introduced in
[28, 34, 22] although using different notation.
It is not difficult to verify that for any 1 < p < co and F > 0, the space
WA/2? is a Banach space. Note that the space W8/2? decreases as 8 increases;

2A measure p on a metric space (M, d) is said to be Ahlfors-regular if there exist «,c > 0 such
that V(z,7) =< r® for all balls B(z,r) in M with » € (0,1).
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it may happen that this space becomes trivial for large enough S. For example,
WPA/22 (R™) = {0} for 8 > 2.
Define the critical Besov exponent 3* by

8% :=sup {,8 > 0: WA/22 ig dense in L2 (M, ,u)} . (3.3)
Lemma 3.1. We have B* > 2.

Proof. Tt suffices to show that W2 is dense in L2 = L2 (M, 11). Let u be a Lipschitz
function with a bounded support A and let A, be the closed r-neighborhood of A.
If L is the Lipschitz constant of u, then

-2 1 2
B = o [ g | ) ) )t

< sup 7‘“2/ L2r2du(z)
0<r<l A,

S L2 1 (Al) .
It follows that Fy(u) < co and hence u € W2, We are left to show that the class
Lip of all Lipschitz functions with bounded supports is dense in L2. Indeed, let
now A be any bounded closed subset of M. For any positive integer n, consider
the function on M
fo (@) = (1 —nd(z, 4)),,

which is Lipschitz and is supported in A4, /n- Clearly, fn — 14 in L? as n — o0,
whence it follows that 14 € Lip, where the bar means the closure in L2. Since the
linear combinations of the indicator functions of bounded closed sets form a dense
subset in L?, it follows that Lip = L?, which was to be proved. ]

3.2. Doubling condition and reverse doubling condition
The measure p on M is said to be doubling if there is a constant Cp > 1 such that
V(z,2r) < CpV (z,1) (3.4)
forallz € M and r > 0.
Proposition 3.2. If (3.4) holds on M, then there exists o > 0 depending only on
the doubling constant Cp such that
V(z, R)
Vi)
Hence, the inequality of Proposition 3.2 can be used as an alternative def-
inition of the doubling property of ; and will be referred to as (VD) (volume

doubling). The advantage of this definition is that it introduces a parameter o
that will frequently be used.

<Cp <£‘l(i—y})+—R> forallz,y e M and 0 <r < R. (VD)

Proof. If z =y, then R < 2"r where

n = [log2 g] < log, ? + 1,
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whence, it follows from (3.4) that

V(z,B) _V(z,2") n logy 41 R\ %P
< < < 27T = — . .
V(:L‘,T) = V(a:,’r‘) = (CD) = (OD) Cp - (3 5)
If £ # vy, then B (z, R) C B (y, R+ ro) where ro = d(z,%). By (3.5),
logs Cp
V(:r,R)SV(y,R+7"Q)SCD <R+7“0> ’
V(y,r) V(y,r) r
which finishes the proof. O

The measure p satisfies a reverse volume doubling condition if there exist
positive constants o’ and ¢ such that
V{(z,R)
V(z,r) —

¢ (—};—) forallz € M and 0 <7 < R. (RVD)

Proposition 3.3. If (M, d) is connected and p satisfies (3.4), then there exist posi-
tive constants o/ and ¢ such that (RVD) holds, provided B (z, R)® is non-empty.

Proof. The condition B (z, R) # 0 implies that

B(z,p)\ B(z,p) #0 (3.6)
for all 0 < p < R and p’ > p. Indeed, otherwise M splits into disjoint union of two

—_——<¢C

open sets: B (z, p) and B (z, p) . Since-M is connected, the set B (z, p)C must be
empty, which contradicts the non-emptiness of B (z, R)".
If 0 < p < R/2, then we have by (3.6)

B (:v gp) \ B (x %p) £0.

Let y be a point in this annulus. It follows from (VD) that
V(z,p) <CV (y,p/3)
for some constant C' > 0, whence
V(z,20) 2V (z,0) +V (y,0/3) 2 (1 +&)V (2, 0), (3.7)

where e = C~ 1.
For any 0 < r < R, we have that 2"r < R where

n = [log2 —?] > log, ]—:- -1

For any 0 < k < n — 1, we have 2fr < R/2, and whence by (3.7),
V (z,257) > (1+¢€) V(z,2r).
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Iterating this inequality, we obtain

V(z, R) S V (z,2"r)

Vn = Vs 20+

ox B _ R logy(1-+e)

thus proving (RVD). o

Remark 3.4. As one can see from the argument after (3.7), the measure 4 is reverse
doubling whenever the following inequality holds

Viz,Cr)>(1+e)V(z,7) (3.8
forsomeC>1,e>0andallx€M,r>O.
Corollary 3.5. Assume that (M, d) is connected and pu satisfies (VD). Then
(M) =00 & diam(M) =00 « (RVD).

Proof. If 1 (M) = oo, then diam(M) = oo; indeed, otherwise M would be a ball
of a finite radius and its measure would be finite by (VD). If diam(M) = oo, then
B¢ (z, R) # 0 for any ball B (z, R), and (RVD) holds by Proposition 3.3. Finally,
(RVD) implies p (M) = co by letting R — oo in (RVD). O

4. Consequences of heat kernel estimates

We give here some consequences of the heat kernel estimates

1 d(z, y) 1 d(z,y)
V(Ttl/ﬂ)@l (W) <pi(z,y) < V (z,077) &, ( Ry R

for all ¢ > 0 and p-almost all 2,y € M. Functions @1 (s) and @, (s) are always
assumed to be non-negative and monotone decreasing on [0, +00), the constant 8
is positive.

We prove that

¢ The lower estimate of the heat kernel implies that
— the measure y is doubling;
— the space F is embedded in W5/ 2.2,
— the lower tail function ®, (s) is controlled from above by a negative
power of s.
o The upper estimate of the heat kernel implies that
~ the space W#/22 is embedded in F;
— if the Dirichlet form is non-local then the upper tail function g (s) is
controlled from below by a negative power of s (for large s).
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4.1. Consequences of lower bound

Let p; be a heat kernel on a metric measure space (M, d, j1). Consider the lower
estimate of p; of the form:

1 d(z,y)
p(my) 2 V(x,tl/ﬁ)q)1< 77 ) )

for all t > 0 and p-almost all z,y € M.

Lemma 4.1. Assume that the heat kernel p; satisfies the lower bound (4.1). If
®1(s0) > 0 for some sg > 1, then p is doubling.

Proof. Fix r,t > 0 and consider the following integral
/ pe(@,y)duly) := / pe(2, )1 (2, (Y) dp(y)-
B(z,r) M

The right-hand side is understood as follows: the function

F(z,y) = pi(w, y)lB(z,r)(y)

is measurable jointly in z,y so that, by Fubini’s theorem, the integral

/ P, )L e ®) du(y)
M

is well defined for p-almost all # € M and is a measurable function of z. Choose
any pointwise version of p;(z, y) as a function of z,y. By Fubini’s theorem, there is
a subset My € M of full measure such that, for any = € My, the function ps(z,y)
is measurable in y and the inequalities (4.1) and (2.1) hold for p-a.a. y € M. It
follows that, for all z € Moy,

/ pe(er, y)dp(y) < 1 (4.2)
B(z,r)

whence .
—— > einf .
V(:E,’f‘) - ye%r(lz,r)pt(x,y)
On the other hand, we have by (4.1)

1 T
. > O — A
ye%?mf,r)pt(w,y) = V(m,tl/ﬁ)@l (tl/ﬁ) ,

which together with the previous estimate gives
V(z,r) 1
V (z,t1/8) = @y (r/tV/F)’

Setting here t = (r/ 50)? we obtain
V(z,r) <!
V (z,7/50) = ®1(s0)
Since so > 1 and ®; (sg) > 0, (4.3) implies that measure u is doubling. ]
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Lemma 4.2. Assume that the heat kernel p; satisfies the lower bound (4.1) with
®(sq) > 0 for some sg > 1. Then, there is a constant ¢ > 0 such that for all
ue€ L2 (M),

E(u) > cEg(u). (4.4)

Consequently, the space F embeds into WH/2:2,
Proof. Let ¢,r > 0. It follows from (2.7) and the lower bound (4.1) that

1 2
e 2600z g [ [ ) - u@) nie )i

> 0 (i) |, (ﬁm /. o ) - u(x))zdm/)) du(z),

where we have used the monotonicity of ®;. Choosing t = (r/ so)ﬁ and noticing
that V(z,r/s0) < V(z,7) by sg > 1, we obtain

S'B 2
() > 351 (o) | (V(Tl—) o, 08) () du(y)) duo),

whence, by taking supremum in r,
1
E(u) > -2-85‘1’1(50)Eﬁ(u),
thus proving (4.4). O

Finally, we give another consequences of the lower bound (4.1) of the heat
kernel.

Lemma 4.3. Assume that the heat kernel p; satisfies the lower bound 4. If u
satisfies the reverse doubling property (RVD), then there is ¢ > 0 such that

B1(s) < c(148)" @8 for all s > 0, (4.5)
where o' is the same as in (RVD).

Proof. Following [24], let v € L? be a non-constant function. Choose a ball
B(xo, R) where u is non-constant and let a > b be two real values such that
the sets

A={z € B(zo,R):u(z) > a} and B={x€ B(zo,R): u(z) < b}

both have positive measure (see Fig. 3).
It follows from (2.7) that

125 [ ) - w0 nen)iutsantz)

// a=b) tl/ﬁ) <51—5%5> dp(y)dp(z)
B a;tb o <t1/ﬂ> /le/ﬂ ().
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FIiGURE 3. Sets A and B

For z € A, we have that B(z, R) C B(zo,3R), and hence, for small enough ¢ > 0,

1 1 V@R _ _ 1 c( R >""

V(z,t/8) V(s R) V(z,t1/8) = V(zo,3R) ~\1/8

where we have used the reverse doubling property (RVD). Therefore, for small
t>0,

E(u) > V%;]%—);ﬁ—umm(m (f%)w o (75)

If (4.5) fails, then there exists a sequence {sx} with sz — oo as k — co such that
sg/+ﬁ<1>1(sk) — o0 as k — oo.

Choose ty, such that s = 2R/t,1c/ﬂ. Then

or \ " 2R
_ o8
(@) (@)oo=
k k

as k — 00, and hence €(u) = co. Hence, we see that F consists only of constants.
Since F is dense in L2, it follows that L? also consists of constants only. Hence,
there is a point £ € M with a positive mass, that is, x({z}) > 0. Then (2.1)
implies that, for all £ > 0,

1
pi(z,z) < ——=. (4.6)
p({z})
However, by (RVD), we have V (z,r) — 0 as r — 0, which together with (4.1)
implies that p;(z,z) — oo as ¢ — 0, thus contradicting (4.6). O
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Remark 4.4. The last argument in the above proof can be stated as follows. If
(RVD) is satisfied and (4.1) holds with a function ®1 such that ®1 (0) > 0, then
p{{z}) =0 for all z € M. This simple observation will also be used below.

4.2. Consequences of upper bound

Consider the upper estimate of p; of the form:

1 d(z,
P < G o (420) (47)

for all £ > 0 and p-almost all z,y € M.

Lemma 4.5. Assume that p satisfies both (VD) and (RVD), and that the heat kernel
pt 15 stochastically complete and satisfies the upper bound (4.7) with

/ 5§11, (s)ds < oo, (4.8)
0

where o is the same as in (VD). Then, there is a constant ¢ > 0 such that for all
u € L2 (M),

£(u) < CEy(u). (4.9)
Consequently, the space WP/%2 embeds into F.

Proof. Fix t € (0,1) and let n be the smallest negative integer such that 27+! >
t1/8. Since p; is stochastically complete, we have that for any ¢ > 0,

=5 | | (0@)=u)mi(o aus)a(z) = Ao(e)+Ar(+42 (1) (4.10)
where
A= g [ (wle) )t ), (411)
m@i=gg [ ] ) ) R ), (412
a0 =g [ [ )~ u) e v)int)inte). (4.13)
Observing that by (VD)
% <C (gt—;;) for all k > n, (4.14)
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and using (4.7), we obtain

i) <5 ()
/B(z,l)c t( ) lu’( ) k};) B(a,25+1)\ B(,2%) V(iﬂ,tl/ﬁ) 2 $1/8 ( )

el V($,2k+1) 2]0
<oy e ()

k=0 4
o0 2k (a3 2k}
/ — —
<05 (#5) ()
#OO
< .y s 1®y(s)ds (4.15)
lp-1
2
o0
<ct / y s 1Py (s)ds. (4.16)
ly-1
2

Applying the elementary inequality (a — b)? < 2(a® + b?), we obtain from (4.11)

aof) < 3 [ [ e el e st

= 2 [ ey ( /B e y)du(y)> (o)

< 2c||u||%/ P19, (s5)ds
e
= o(1)||ulzast— 0, (4.17)
where we have used (4.8). It follows that
Jlim Ao(t) = 0. (4.18)

y (4.7) and (4.14), we obtain that, for 0 > k 2> n,

(u(z) — w(y))’pe(z, y)du(y)
B(, 2k+1>\B(z 2k)

2k
V(z, tl/ﬁ)q) <m> /B(m 2k+1)\B(z zk)(U(m) — ) duy)

<e(25) 0 (55) Ty e, ()~ u )

By the definition (3.1) of I, for all k <0,

|/\\

1 \ p
/M T/’(Z?Jr—l)/B(%Wl)(U(w) — w(y))du(y)dp (z) < (27" Ep (u).  (4.19)
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Therefore, we obtain

n<Zk<0/ /B(gC 2kH1)\ B(z,24) (u(@) — w(y))*pe(z, y)dp(y)du(z)
<5 = (3) o (%)

8 /M V(z, 251 B(m,zkﬂ)(“(fﬂ) — u(y))*du(y)du (z) (4.20)

2k+1 atp 2k
<c Y <—_t1/ﬁ> D, (tw)Eﬂ()

n<k<0
< cBy(u) / 1 (5)ds, (4.21)
0

where the latter integral converges due to (4.8).
For k < n, we have 2%+1 < ¢1/8 whence by (RVD)

‘/(I,2k+1) ok+1 o
X0 50<t1/ﬁ : (4.22)

Similarly to the estimate of A1, we obtain

A ( ~ 9 Z/ /B(m —— 2k)(U(:v) — u(y))?pi(z, y)du(y)du(z)
k1Y @ +8 ok
< CZ (tl/ﬁ ) D, (tl—/ﬁ> Eﬁ(u)
< cEg(u )/O a+ﬂ_1<1>2(s)ds, )

where the latter integral converges at 0 due to o’ + f > 0. It follows from (4.10),
(4.18), (4.21) and (4.23) that

E(u) = tgr&r & (u) = tE%l+ (Ao (t) + A1 (t) + A2 (t)) < CEp(u),
which finishes the proof. O

Lemma 4.6. Assume that o satisfies (VD) and that the heat kernel p; satisfies the
upper bound (4.7). Then, either (£,F) is local, or there is ¢ > 0 such that

Bo(s) > c(1+35) "D for alls > 0. (4.24)

Proof. Let u,v € F be functions with disjoint compact supports A = suppu and
B = suppv (see Fig. 4).
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FiGURE 4. Functions v and v

Noticing that (u,v) = 0, we obtain, for any ¢ > 0,

1
E(u,v) = 7 (u,v — P)

= —% (u, Pyv)
=3 [ o) ([ vmto i) ) dnte)

Setting R = d(A, B) > 0 and using (4.7), we obtain

ol < 50 (005 ) 1ol [, sy o) (4.29)

Choose any fixed point 2o € A and let diam(A) = r. Then, using (VD), we see
that, for all z € A and small £ > 0,

1 B 1 V(zo,r)
V(x, t1/8) = V(zo,r) V(z,t'/5)

< c d(zo,x) + 7 a< c 2r “
=~ V(zo,7) t1/6 = V(xzg,r) \tV/P
Therefore, by (4.25),
1 2r \*
i, < 403 (05 ) Wy (7)ol

= sl bl (tffﬁ)w 2 (i)

If (4.24) fails, then there exists a sequence {sx} such that sy — oo as k — oo, and

sa+5<1>2(sk) — 0.

Letting £ > 0 such that sx = R/tk/ P we obtain that
|Es, (w,v)] = 0 as k — oo,

showing that £(u,v) = 0. Hence, the (£, F) is local, which was to be proved. [
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4.3. Walk dimension
Here we obtain certain consequence of a two-sided estimate

1 d(z,y) 1 d(z,y)
V(w,tl/ﬂ) 05 < 1178 ) <p(z,y) < V(m tl/ﬁ)q) < 175 ) . (4.26)

The parameter £ from (4.26) is called the walk dimension of the associated Markov
process.

Theorem 4.7. Assume that 1 satisfies both (VD) and (RVD). Let the heat kernel
o (x,y) be stochastically complete and satisfy (4.26) where ®1 (so) > 0 for some
sg > 1 and

/ sa+ﬂ+5¢>2(s)§ < oo (4.27)
0 8

for some € > 0. Then 8 = (% where 8" is the critical Besov exponent defined in
(3.3).

Remark 4.8. Assuming in addition that ®1 (sg) > 0 for some sg > 1 allows to drop
(VD) from the hypothesis, thanks to Lemma 4.1. If one assumes on top of that,
that the metric space (M,d) is connected and has infinite diameter then (RVD)
follows from (VD) by Corollary 3.5. Hence, in this case (RVD) can be dropped
from the assumptions as well.

Proof. By Lemma 4.2, we have the inclusion F C W8/2:2, Since F is always dense
in L?, we conclude that W#/22 is dense in L?, whence §* > .

To prove the opposite inequality, it suffices to verify that, for any 8’ > (3, the
space W#'/2:2 is not dense in L2. We can assume that B — f is sufficiently small
so that the condition (4.27) holds with £ = g — .

Let us show that uw € W2 /22 implies £ (u) = 0. We use again the decompo-
sition

E(u) = Ao(t) + Ar(t) + A2 (¢)
where A;(t) are defined in (4.11)—(4.13). As in the proof of Lemma 4.5, we have

Let us estimate A;(¢) similarly to the proof of Lemma 4.5 (and using the same
notation), but use Eg instead of Eg. Indeed, using instead of (4.19) the inequality

/M W /B(m,2k+1)(“(x) — () du()dp () < (27)7 Bpr (w), (1.28)
we obtain from (4.20) that

- gk+1y @HF 2k

n<Lk<0

Sct%*lEﬁ/(u)/ s*H0' 19, (5)ds (4.29)
0
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where the integral converges due to (4.27). In the same way, one obtains
B 4 2 o F -1
Ay (t) <ctF "Eg(u) | s By (s)ds.
0

Putting together all the estimates, we obtain
& (u) < Aglt) + C’t%_lEg:(u) -0 ast—0,
whence
E(u) = }ir% & (u) = 0.
Since &; (u) < € (u), this implies back that & (u) =0 for all £ > 0.
On the other hand, it follows from (2.7) and the lower bound in (4.26) that

1 / / (u(y) — w(@))? pe(e, y)du(y)du(z)

2t
{d(z,y)gsotl/ﬁ}

@1 (s0) // (u(z) —uly ))2du(y)du(m),

2t V (z,t1/8)
{d(zy)<sot1/8}

r.‘:t (u)

v

which yields u(z) = u(y) for p-almost all x,y such that d(z,y) < sot'/P. Since ¢
is arbitrary, we conclude that u is a constant function.

Hence, we have shown that the space W7 /2,2 ¢onsists of constants. However,
it follows from Remark 4.4 that the constant functions are not dense in L?, which
finishes the proof. O

4.4. Consequence of two-sided estimates (non-local case)

Lemmas 4.3 and 4.6 of the previous subsections imply immediately the following.

Theorem 4.9. Assume that the metric measure space (M,d, u) satisfies (VD) and
(RVD). Let {p;} be a heat kernel on M such that, for all t > 0 and almost all
r,y €M,

_ G (cdzy) G d(2,9)
V (z,t1/5) (01 178 Spt(w,y)ﬁm@ Cg—W/j— (4.30)

where C1,CY, Ca,Ch are positive constants. Then either the associated Dirichlet
form & s local or

e (L+8) @B < @ (s) < ep(1+5) (@) (4.31)

for all s > 0 and some c1,c2 > 0, where o and o are the exponents from (VD)
and (RVD), respectively.
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5. A maximum principle and its applications

5.1. Weak differentiation

Let H be a Hilbert space over R and [ be an interval in R. We say that a function
u: I — H is weakly differentiable at ¢t € I if for any ¢ € H, the function (u(-), )
is differentiable at ¢ (where the outer brackets stand for the inner product in H),

that is, the limit
lim <u(t—|—8) _U(t),90>
e—0 £

exists. In this case it follows from the principle of uniform boundedness that there

is w € H such that
lim <————~—-u (t+€z _u(t),so> = (w, )

for all ¢ € H. We refer to the vector w as the weak derivative of the function u at
t and write w = v/ (t). Of course, we have the weak convergence

t+e)—ul(t

w S (t) ase— 0.

In the next statement, we collect the necessary elementary properties of weak
differentiation.

Lemma 5.1.
(i) If u is weakly differentiable at t then u is strongly (that is, in the norm of H)
continuous at t.
(ii) (The product rule) If functions u : I — H and v : I — H are weakly
differentiable at t, then the inner product (u,v) is also differentiable at t and
(u,v)" = (v, v) + (u,').

(ili) (The chain rule) Let ( M, u) be a measure space and set H = L?( M, ).
Let w: I — L?( M, u) be weakly differentiable at t € I. Let ® be a smooth
real-valued function on R such that

®(0) =0, sup |®'| < oo, sup |®”] < oo. (5.1)

Then the function ® (u) : I — L?( M, ) is also weakly differentiable at t
and
O (u) =& (u)u.
Proof. To shorten the notation, we write u; for  (¢).

(i) It suffices to verify that, for any sequence {ex} — 0, we have
ttte, — || — 0 as k — oco. (5.2)
The sequence I—Lffiekk_i converges weakly, whence it follows that it is weakly
bounded and, hence, also strongly bounded. The latter clearly implies (5.2).
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(ii) Let {ex} be as above. We have the identity

(Ut Vires) = (U, 0)  ((Upre, —u Vtge, — Ut
- s Ut + Ut, _[;-‘_—
k k

Ek 3
Utte, — U
€k

By the definition of the weak derivative, the first two terms in the right-hand side
converge to (uz, v¢) and (ug,v;) respectively. By part (i), the sequence et g

g
bounded in norm, whereas ||vsye, —v¢|| — 0 as k — oco; hence, the third term goes
to 0, and we obtain the desired.

(iif) By (5.1) the function ® admits the estimate |® (r)] < C|r| for all r € R,
which implies that the function ® (u;) belongs to L? ( M, i) for any ¢ € I. By the

mean value theorem, for any 7, s € R, there exists &, s € (0,1) such that
P(r+s)—d(r)= (r+&s(r—s)s.

We have then
Uy

D (trtey) = @ () =@ (ut + £ (utye, — ut)) Sl M
Ek Ek

where we write for simplicity £ = &,, 4, +e,, —us> Which can also be rewritten as

o (UHEkg)k_ @ (ur) = (@/ (’ut +¢& (Ut+€k - ut)) — &' (w) ) W_Jr%ﬂ
+ @ (ug) L, o9

. £r
Since

(" (s + € (e, —we)) = @ (wr)) || < sup || |ugpe, — ue
(where ||-|| is the Z2-norm) and the term ut—“fk:ﬂ is bounded in norm, the first term
in the right-hand side of (5.3) tends to 0 strongly as k — co. We are left to verify
that the second term goes weakly to @ (u;) u}. Indeed, for any ¢ € L2 ( M, 1), we
have that

Utpe, — U Upte, — U
(90 222 ) (250 ) ) a0 ) = (),
where we have used the fact that @ (u,) is bounded and, hence, ®' (u;)¢ €
L (M, p). O
5.2, Maximum principle for weak solutions
As before, let (£, F) be a regular Dirichlet form in L? (M, ). Consider a path
u: I — F. We say that u is a weak subsolution of the heat equation in an open
set § C M if u is weakly differentiable in the space L2 (Q) at any ¢ € I and, for
any non-negative ¢ € F (Q),

(', 0) + € (u, ) < 0. (5.4)

Similarly one defines the notions of weak supersolution and weak solution.
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A similar definition was introduced in [20] but with the difference that the
time derivative u’ was understood in the sense of the norm convergence in L2 ().
Let us refer to the solutions defined in [20] as semi-weak solutions. Clearly, any
semi-weak solution is also a weak solution.

It is easy to see that, for any f € L2 (M), the function P, f is a weak solution
in (0,00) x Q for any open 2 C M (cf. [20, Example 4.10]).

Proposition 5.2 (parabolic maximum principle). Let u be o weak subsolution of
the heat equation in (0,T) x Q, where T' € (0, +00] and Q is an open subset of M.
Assume in addition that u satisfies the following boundary and initial conditions:
o uy(t,) € F(Q) for any t € (0,T);
o uy (t,-) Lﬂ)() ast— 0.

Then u(t,z) <0 for any t € (0,T) and p-almost all z € .
Remark 5.3. For semi-weak solutions the maximum principle was proved in [20].

Remark 5.4. It was shown in [20, Lemma 4.4] that the condition u; € F () is
equivalent to the following: u € F and u < v for some v € F(£2). We will use this
result to verify the boundary condition of the parabolic maximum principle.

Proof. Let ® be a smooth function on R that satisfies the following conditions for
some constant C':

(i) ®(r)=0forall r <0;
(i) 0< @ (r) < C for all r > 0.
(iii) [®” (r)] < C for all r > 0.

Then @ (u) = ® (u}) € F (Q) so that we can set ¢ = ® (u) in (5.4) and obtain
(W, ® (u)) + & (u, ® (u)) < 0.

Since ® is increasing and Lipschitz, we conclude by [20, Lemma 4.3] that
& (u, ® (u)) > 0, whence it follows that

(u', @ (v)) <0. (5.5)

Since @ satisfies the conditions (5.1), we conclude by Lemma 5.1, that the function
t+ ® (u) is weakly differentiable in the space 2 () and

®(u) = (u)u'
and (u, ® (u)) is differentiable in * and
(W) = (W, 2w)+(y,® W)
(', @ (u) + (u, @' (u) ')
= (W, )+ @, (u)u).
Set ¥ (r) = @' (r) r so that
(w, ® (w) = (', ® (u)) + (u/, ¥ (u)) .
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Assume for a moment that function ¥ also satisfies the above properties (i)—(iii).
Applying (5.5) to ¥, we obtain from the previous line

(u, @ (u)) <0,

that is, the function ¢ + (u, ® (u)) is decreasing in t. By the properties (i)-(ii), we
have ® (r) < Cr for r > 0, which implies

(u, ® () = (ut, @ (uy)) < Cllus|* — 0ast — 0.

Hence, the function ¢ — (u4, ® (uy)) is non-negative, decreasing and goes to 0 as
t — 0, which implies that this function is identical 0. It follows that u = 0, which
was to be proved.

We are left to specify the choice of ® so that the function W (r) = ® (r)r
is also in the class (i)~(iil). Let us construct ® from its derivative ®' that can be
chosen to satisfy the following:

o &' (r)=0forr <0
e &' (r)=1forr>1;
e ®"(r) >0 forre(0,1).

(see Fig. b5).

FIGURE 5. Function @ (r)

Clearly, ® satisfies (i)—(iii). It follows from the identity
U (r)y=o" (r)r+ ' (r)
that ¥’ (r) is bounded and ¥’ (r) > 0 for r > 0. Finally, we have
T (r) = @" (r)r + 28" (r)

whence it follows that U (r) = 0 for large enough r and, hence, ¥" is bounded.
We conclude that W satisfies (i)—(iii), which finishes the proof. O
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5.3. Some applications of the maximum principle

Recall that if (£, ) is a regular Dirichlet form in L2 (M, 1) then, for any open set
2, (€, F () is also a regular Dirichlet form in L? (Q, 1). Denote by Pf the heat
semigroup of (&£, F(Q)).

Lemma 5.5. Assume that (€, F) is a regular and local Dirichlet form. Let u (t,z)
be a weak subsolution of the heat equation in (0,00) x U, where U is an open subset
of M. Assume further, for anyt > 0, u (t,-) is bounded in M and is non- negative
mU. If

2
u(t,-) B0 as t—0 (5.6)
then the following inequality holds for all t > 0 and almost all z € U -
u(t,z) < (1 - P/1y(z)) S llw (s, ) ooy (5.7)
<s<

Proof. We first assume that U is precompact. Choose an open set W such that
W e U. Fix areal T > 0 and set

m:= sup |lu (Sa')”Loo(U)- (5.8)
0<s<T

We show that, for all 0 < ¢ < T and p-almost all z € W,
ult,z) <m(1-P¥iy(z ) - (5.9)

Let ¢ and 7 be cut-off functions® of the couples (W,U) and (U, M), respectively.
Consider the function '
wi=C(u—m ['r) — thlw] . (5.10)

Then (5.9) will follow if we prove that w < 0 in (0,7] x W.

Claim 1. The w is a weak subsolution of the heat equation in (0, 00) x W.

Clearly, P}V 1y is a weak solution of the heat equation in (0,00) x W. Let
us show that so is Cu. Indeed, the product ¢u belongs to F because both ¢ and u
are in L*° N F. For any test functlon ¥ € F(W), we have, using (1) = 1),

0
()~ (309
=-£ (CU') ’(:b) )
where we have used also that ({ — 1)u = 0 in W and, hence,
by the locality of (£, F). Thus, (u is a weak solution in (0, c0) x W.

3A cut-off function for the couple (W, U) is a function ¢ € FNCo(M) such that 0 < ¢ < 1in M,
¢ =1 on an open neighborhood of W, and supp ¢ CU.If (£,F) is a regular Dirichlet form then
a cut-off function exists for any couple (W, U ) provided U is open and W is a compact subset of
U (cf. [15, p. 27)).
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Finally, the function 7 (z) considered as a function of (¢,z), is a weak super-
solution of the heat equation in (0, 00) x W, since for any non-negative ¢ € F(W)

E(n,$) = lim t™* (n — Pyn, ) = im 7' (1 = Pin, 9p) > 0,

whence it follows that w is a weak subsolution.

Claim 2. For every t € (0,T], we have (w(t,-)), € F(W).

By Remark 5.4, it suffices to prove that in (0,7] X M

w(t,-) <mPY 1w, (5.11)
because mPY 1y € F(W). In M \ U, inequality (5.11) holds trivially because
¢(=0=P"1y in M\U
and, hence, w = —mn < 0. To prove (5.11) in U, observe that n = 1 in U and
0<wu<min (0,T] x U, whence
w=_u—m-+ mPtW1W <u—m+ mPtWIW < mPtWIW,

which was to be proved.
Claim 3. The function w satisfies the initial condition

2
wit,) " oast - o0. (5.12)
Noticing that 7 =1 in W, we see that

2
n—P¥1y =1 — PV 1w =% 0 as ¢ — 0.

Combining with (5.6), we obtain (5.12).

By the parabolic maximum principle (cf. Prop. 5.2), we obtain from Claims
1-3 that w < 0 in (0,77 x W, thus proving (5.9).

Finally, let U be an arbitrary open subset of M. Let {W;}:2; and {U;};2, be
two increasing sequences of precompact open sets, both of which exhaust U, and
such that W; € U; for all 4. For each i, we have by (5.9) with ¢t = T that in W;

ws [1= PP | sup (s, )l ey (5.13)
0<s<t

Replacing by the monotonicity in the right-hand side U; by U, and noticing that
Py, 25 PV1y as i — oo,

we obtain (5.7) by letting ¢ — oo in (5.13). O

Corollary 5.6. Assume that (€, F) is regular and strongly local. Let U C 2 be two
open subsets of M. Then the following inequality holds for all t > 0 and p-almost
alzeU:

1 - PMg(z) < (1 - P/ 1y(z)) S |1 - P§1Qy|Lm(U) . (5.14)
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Proof. Approximating U by precompact open subsets, it suffices to prove the claim
in the case when U € . Let ¢ be a cut-off function of the couple (U, ). Then we
can replace the term 1 — P!1g(x) in the both sides of (6.14) by the function

u(t,z) = ¢ (z) - F'la(z).

Clearly, for any t > 0, the function « (t,-) is bounded in M, non-negative in U ,
and satisfies the initial condition (5.6). Let us verify that (¢, ) is a weak solution
of the heat equation in (0,00) x U. It suffices to show that the function () asa
function of (£, ) is a weak solution in (0,00) x U. Indeed, since  is constant in
a neighborhood of U, the strong locality of (€,F) yields that E(,4) = 0 for any
Y € F(U), which finishes the proof. 0

6. Upper bounds in the local case

6.1. Exponential tail

Following [21], we give an analytical approach of how to obtain the exponential
tail of the heat kernel upper bound on the doubling space. This is a modification
of the argument of [27]. For an alternative approach see [20] (and [25] for the case
of infinite graphs).

The following is a key technical lemma.

Lemma 6.1. Let (€, F) be a regular, strongly local Dirichlet form in L2(M, ). Let
p 1 [0,00) — [0,00) be an increasing function. Assume that there exist e € 0,3)
and § > 0 such that, for any ball B C M of radius r and any positive t such that
p(t) < éor,

1
Ptch SE’ mn ZB (61)
Then, for any t >0 and any ball B of radius r > 0,
1
P1p. < Cexp (—c’t\Il (z)) in =B, (6.2)
t 4
where C,c,c > 0 are constants depending on €,8, and function ¥ is defined by
s
U(s ::sup{ﬁ—)\} 6.3
) =30 o (09

for all s > 0.

Remark 6.2. Letting A — 0 in (6.3), one sees that ¥ (s) > 0forall s > 0. It is
also obvious from (6.3) that W (s) is increasing in s.

Remark 6.3. If p(t) = t'/# for 8 > 1, then

U(s) = sup  sAP — )\} = c,gsﬁ/(’g_l)
A>0
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for all s > 0, where ¢cg > 0 depends only on 3 (the supremum is attained for
8
X\ = (s/B)PT). The estimate (6.2) becomes

rP = 1
Plg. <Cexp!| —c <7> in ZB.

Remark 6.4. If the heat semigroup P, possesses the heat kernel p; (z,y) then the
condition (6.1) can be equivalently stated as follows: If p (t) < ér then, for almost
allz € M,

/B( P (@, y) dp(y) < e (6.4)
Indeed, for any ball B (z,r) and for almost all z € B (zo,r/4), we have
Pilp(sy,rye (2) = / pe (@, y) du(y) < / pe (z,y) dp (y)
B(zo,r)° B(z,r/2)¢

so that (6.4) implies (6.1) (although with a different value of 4). Conversely, for
almost all z € B (zo,7/2),

[ omewds [ n@d) = Pla: @),

B(z,r)° B(zo,7/2)°

so that (6.1) implies (6.4), for almost all z € B (zo,7/8). Covering M by a count-

able family of balls of radius /8, we obtain that (6.4) holds for almost all 2 € M.
In the same way, the condition (6.2) is equivalent to the following: For all

A\ t,7 > 0 and for almost all z € M,

/B(z e pe (z,7y) du (y) < Cexp (—c’t v (%)) . (6.5)

Hence, Lemma 6.1 in the presence of the heat kernel can be stated as follows: If
(6.4) holds for some € € (0,1/2), § > 0 and all ,¢ > 0 such that p(t) < ér then
(6.5) holds for all 7, > 0.

Proof of Lemma 6.1. Let us first show that the hypothesis (6.1) implies that there
exist £ € (0,1) and § > 0 such that, for any ball B of radius r > 0 and for any
positive t such that p (t) < dr,

PBig>1-¢ in %B. (6.6)

Indeed, applying [21, Proposition 4.7] we obtain that, for all ¢ and almost every-
where in M,

PtBl%B > Plig — sup
0<s<t

Pty . 6.7
4 e 33y 67
For any z € B, we have that B(z,r/4) C 1B (see Fig. 6).

Using the identity P;1 = 1 we obtain, for any z € %B ,

Pt]‘%B =1- Ptl(%B)c >1- Pt]-B(m,r/4)c'
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B=B(xg,1r)

F1GURE 6. Illustration to the proof of (6.1)=(6.6)

Applying (6.1) for the ball B (z,7/4), we obtain
Plpg,r/ape <€ in B(z,r/16),
provided that ¢ satisfies .
p(t) < 5%. (6.8)
It follows that, for any z € %B ,
Plip>1-¢ in B(z,r/16),
whence

1

On the other hand, for any y € (2B)°, we have 1B C B(y,7/4)° (sce Fig.

6), whence
Pilip < Pilp(yr/ape.
Applying (6.1) for the ball B (y,r/4) at time s, we obtain if (6.8) holds then, for
all 0 < s <¢,
Pilpy,r/ae < ein B(y,r/16).
It follows that, for any y € (%E)C,
Pelip <ein B(y,r/16),

whence

c
Pilip <e in (ZE) : (6.10)
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Combining (6.7), (6.9) and (6.10), we obtain that, under condition (6.8),
1
PPip>Pllip>21—-2 in 1B (6.11)

which is equivalent to (6.6).
Now we show that (6.6) implies (6.2). The proof will be split into 5 steps.

Step 1. Assuming that
p(t) <ér (6.12)

and that B is a ball of radius r, rewrite (6.6) in the form
1-PP1g<ein %B. (6.13)
For any positive integer k, set By = kB and we will prove that
1—PPrip, <& in EB. (6.14)

Since M is separable, there is a countable dense set of points in By. Let {b;} be
a sequence of balls of radii r centered at those points. Clearly, b; C Byy1 and the
family {1b;} covers By (see Fig. 7).

‘/4bj

FIGURE 7. Balls {By} and {b;}

Due to (6.12), inequality (6.6) is valid for any ball b;, that is, forall0 < s <1,
1
PPeilp > Pl >1—cin b

It follows that
PBeti1p . >1—¢ in By
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Applying the inequality (5.14) of Corollary 5.6 with Q = By, and U = By, we
obtain that the following inequality holds in Bj:

1-— PtBk+1 1Bk:+1 < (1 — PtBk 1Bk> sup ”1 — PsBk—(-l ].Bk_’_1

0<s<t ”LOG(B)C)

< e(1- PP*1p,).

Iterating in k and using (6.13), we obtain (6.14).
It follows from (6.14) that

1
Plp: <1-Plp, <1-PP*1p <efF in ZB' (6.15)

Although (6.15) has been proved for any integer k > 1, it is trivially true also for
k =0, if we define By := (.

Step 2. Fix t > 0, z € M and consider the function

By n =exp (c%%) , (6.16)
where the constant ¢ > 0 is to be determined later on. Set
r=6"p(),
and we will prove that
P, (Fyz) < C in B(z,r/4), (6.17)

where C is a constant depending on €, 8. Set as before By, = B (z,kr), k > 1, and
By = . Using (6.16) and (6.15), we obtain that in B (z,r/4),

Py (Eyp) = Zpt (1Bk+1\BkEt,m)
E—=0

= Z ”Et:z”L“’(BkH)Pt (1Bk+1\Bk)
k=0

> k+1
< I;exp (c%) P (13,3)

< i exp (c(k + 1)5_1) k.

k=0
Choosing ¢ < § log% we obtain that this series converges, which proves (6.17).

Step 3. Let us prove that, for all £ > 0 and z € M,
PtEt,x < ClEt,z;a (618)
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for some constant C; = C (¢,8). Observe first that, for all y,z € M, we have by
the triangle inequality
d(z, y))

Bt = e (555

< exp (dijit))) exp (%@ﬂ) = Bya(2)Eyx(y),

which can also be written in the form of a function inequality:

Et,z S Et,z (Z) Et,z~

It follows that

Pt (Et,z) S Et,z (Z) Pt (Et,z) . (619)
By the previous step, we have
Pt (Et,z) S C inB (Z,T) y (620)

where 7 = 36 1p(t). For all y € B (2,7), we have

FEi. (y) < exp (;%) = exp (05_1/4) =: ',

whence
By (2) < Bt (y) Btz (y) < C'Bre (y) -
Letting y vary, we can write

E, . (z) <C'Eyy in B(z,7).
Combining this with (6.19) and (6.20), we obtain
Pt (Et,z) S CC’Et’z inB (Z, ’I’) .

Since 7 is arbitrary, covering M by a countable sequence of balls like B (z,7), we
obtain that (6.18) holds on M with C; = CC".

Step 4. Let us prove that, for all ¢ > 0, z € M, and for any positive integer k,
1
Py (Bt z) < CF in 5 (6.21)

where B = (z,6 'p (t)). Indeed, by (6.18)
P (Byg) = Pi—1y Pr (Bt z) < C1Pg—1)t Bt e
which implies by iteration that
Py (Byz) < Cf_IPtEt,z-

Combining with (6.17) and noticing that C' < Cj, we obtain (6.21).

Step 5. Fix a ball B = B (xg,7) and observe that (6.2) is equivalent to the
following: for all £, A > 0,

1
Plge < N —2 ) in S 6.22
15 _Cexp(c)\t p(l/)\)> in 2B, ( )
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where C,c, ¢ > 0 are constants depending on €,d. In what follows, we fix also ¢
and A
Observe first that, for any z € %B,

Pilge < Plpg,r/o)e-

Hence, it suffices to prove that, for any z € %—B,

e < N — 2
Pilp(g,r/2e < Cexp (c)\t p(l//\)) (6.23)

in a (small) ball around z. Covering then 1B by a countable family of such balls,

we then obtain (6.22).
Changing ¢ to t/k in (6.21), we obtain that

P, (Eijpz) < CY in B(z,0%)
where o = 267 p (¢/k). Since
r
E > —— | inB ¢
tJkym > €XD (Cp(t/k’)) in B(z,7)

and, hence,

cr
1 e < ——— | E
B(z,r)* = €xp < p(t/k)) t/k,z>
we obtain that the following inequality holds in B (z, 0%)

Pilp(srye < exp ( (t/k)) P (Eyjke) < exp <c k— (;;k))

where ¢’ = log C1. Given X\ > 0, choose an integer k£ > 1 such that

Pl o<k
t t
Then we obtain the following inequality in B (z, 0%)
cr
Plercgexp<c' )\t—l—1—~———), (6.24
Hates) S TEV2Y :
which finishes the proof. O

6.2. Consequences of two-sided estimates (local case)

Now we are able to specify the local case in the statement of Theorem 4.9.

Given two points z,y € M, a chain connecting x and y is any finite sequence
{zr}y_o of points in M such that zy = z, 2, = y. We say that a metric space
satisfies the chain condition if there is a constant C > 0 such that for any positive
integer n and for all z,y € M there is a chain {zx}}_, connecting = and y, such
that

d(zg, Tpr1) < C——"== ( )frallk—O,l,...,n—l. (6.25)

For example, the geodesic dlstance on any length space satisfies the chain condi-
tion. On the other hand, the combinatorial distance on a graph does not satisfy it.
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Theorem 6.5. Assume that the metric measure space (M, d, u) satisfies the chain
condition and that p satisfies (VD) and (RVD). Let (€, F) be a regular, local and
conservative Dirichlet form, and let {p:} be the associated heat kernel such that,
for allt > 0 and almost all xz,y € M,

% d(z,y) Cy d(z,y)
v (m,tl/ﬂ) 0] <Cl 178 < (-’L'ay) < W@ Cy 2178 (626)

where C1, C, Ca, C4 are positive constants, a, o are the exponents from (VD) and
(RVD), respectively, and 8 > o — a'. Then 3 > 2 and the following inequality
holds:

¢} exp (—clsﬁ/(ﬁ_l)) < ®(s) < chexp (—czsﬂ/(ﬂ_l)) (6.27)
for some positive constants c1, ¢y, c, ¢y and all s > 0.

Proof. Let us first observe that the locality and the conservativeness imply the
strong locality. Indeed, by [15, Lemma 4.5.2, p. 159 and Lemma, p. 161}, we have
the following identity

Iim1 (1—P1)u?dy = / w2dk
=01 Sy M
for any u € F where k is the killing measure of (£, F) and % is a quasi-continuous
version of u. Since P,1 = 1, it follows that k = 0. Therefore, by the Beurling-Deny
formula [15, Theorem 3.2.1, p. 108], (£, F) is strongly local. This will allow us to
apply later Lemma 6.1.
We split the further proof into five steps.

Step 1. By Lemma 4.3 and the lower bound of p;, we obtain
®(s) < c(1+5)" @) for all s > 0.
Therefore, using the upper bound of p;, we obtain (similar to (4.15)) that

o0

/ IO Jaa
B(x,r)°

Lr/e1/e

o0

< c'/ s =0-1gg.
Lrje/e

Due to the condition 8 > a— o/, the integral in the right-hand side converges and,

hence, the right-hand side can be made arbitrarily small provided rt~1/8 is large

enough. We conclude by Lemma 6.1 (cf. Remark 6.4) with p(t) = ¢'/# that, for all

r,t > 0 and for almost all x € M,

[ mendut < e (~evw (T)). (6.25)

where

U(s) = ili}i(; {s)\l/ﬁ - )\} . (6.29)
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Step 2. Let us prove that 8 > 1. If § < 1 then it follows from (6.29) that
¥ = oo. Substituting into (6.28) and letting » — 0, we obtain that, for almost all
reM,

/ pe (@, y) du (y) = 0.
M\{z}

It follows from the stochastic completeness that there is a point z € M of a positive
measure, which contradicts Remark 4.4.
Assume now that § = 1. Then by (6.29)

0, 0<s<1
(I)(S):{ 0o, s§>1

which implies that, for all £ < er and for almost all z € M,
[ m@ndt)=o,
B(z,r)°

that is, ps (z,y) = 0 for all ¢ < ed (z,y) and almost all z,y € M. Together with
(6.26), this yields the following bounds of the heat kernel for all £ > 0 and almost

all z,y € M:
c! d(z,y) = (d(z,y)
<
V(a;,tl/ﬂ)q)< 75 )_pt(a:,y)sv(x,tl/ﬁ) ( A7 ) (6.30)
where

=~ ®(s), s<c!
@(5):{,0() s>c L.

Clearly, the functions ® and ® satisfy the hypotheses of Theorem 4.7. We conclude
by Theorem 4.7 that 8 = £* whereas by Lemma 3.1 #* > 2, which contradicts to

g=1
Step 3. Using that 8 > 1, let us show that the heat kernel satisfies the
following upper bound

o i (z,4)) P/

Setting in (6.29) A = (s/,@)% we obtain as in Remark 6.3

W () = cgsP!/ B

so that (6.28) becomes

r \B/(B-1)
< o ——
/B(w)cpt (@, ) du(y) < Cexp ( c (tl/ﬁ) ) : (6.32)

On the other hand, by the upper bound in (6.26), we have, for all ¢ > 0 and almost
all z,y € M,

pe(3,y) < V (o078 (6.33)
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Setting 7 = 1d (=, y), we obtain from (6.32) and (6.33) that

pat(z,y) = pe(, 2)pe(2, ) du(z)

S/BW)C;Dt(m,z)pt(z,y)du(z)+/ pe(@, 2)pe(z,y) du(z)  (6.34)

B(y,r)e

L —
< Y o, P )
T /| ) )
C C r \B/(B-1)
< (V , 1/9) + v (m,tl/ﬁ)> exp <—c (ﬁ/_ﬁ) ) . (6.35)

y (VD) we have
/B 1/8N\ ¢ o
V (z,t )<C<d(x,y)+t > :C’(l T ) '

V (y,01/8) = $178 s
Absorbing the polynomial function of 7/t}/# into the exponential term in (6.35),
we obtain (6.31).
Step 4. Now we can prove that § > 2. Indeed, we have the estimate (6.30)

where this time B
®(s) = exp (wcsﬂ/(ﬂ_1)> .

Since the estimate (6.30) satisfies the hypotheses Theorem 4.7, we obtain § > 2
by the same argument as in Step 2.

Step 5. The lower bound in (6.30) implies that, for all ¢ > 0 and almost all
x,y € M, such that d (z,y) < sot'/?,

S

c

pe(z,y) > V(e 6/8) (6.36)

Let us show that this implies the following lower bound

c " B/(B-1) C
pi(z,y) = V(z, 75) exp (“C’ (dil/,gy)> ) ) (6.37)

for all £ > 0 and almost all z,y € M. Iterating the semigroup 1dent1ty, we obtain
for any positive integer n and real r > 0

a) = [ oo [ o mpg (s s Gona D). due)

> [ [ piapyn )y oo G ) i),

B(z1,7}  B{zn-1,7) ( ) )
6.38

where {z;};_ is a chain connecting = and y that satisfies (6.25) (see Fig. 8).
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FIiGURE 8. Chain {=;}

Denote for simplicity zg = z and 2z, = y. Setting
d
r— 48y (6.39)
n
and noticing that z; € B(xz;,7),0 < ¢ < n— 1, we obtain by the triangle inequality
and (6.25)

d(z;, zit1) < d(mi,zH_I) +2r < Cv/&a;’i)

where C' = C + 2. Next, we would like to use (6.36) to estimate Pi/n (2, Ziy1)
from below. For that, the following condition must be satisfied:

P\ 1/
d (2, 2zi41) < o <E> )

C,d(m,y) <o (L 1
n —%\n )

which will follow from

Absorbing the constants C” and sy into one, we see that the latter condition is

equivalent to
B

nzc<d(m’y)>‘ﬁ. (6.40)

t1/8

If d(z,y) < sot'/? then (6.37) follows immediately from (6.36). Assume in the
sequel that d(z,y) > sot'/# and choose n to be the least positive integer satisfying

(6.40), that is
d(z,y)\ 7

This and (6.39) clearly imply that
\1/8
r=< <—> . (6.42)

n
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Then we have by (6.36) and (VD)
c

¢
(2 Zip1) 2 b : 4
pn(z Ziy1) V(zi,(t/n)l/ﬁ) V (z,7) (6.43)
Since by (VD)
V (z,7) d(zi, ;) +7r\°
< < «
V(mi,r)’c< 7 = 627,
it follows from (6.43) that
c
t (235 2i41) 2 7+
P (2 2i1) V (zi, 1)
Using (6.38), (6.42), (VD), (RVD), and (6.41), we obtain
cdp(zn—1) - . - du(z1)
> -
pi(z,y) = / V(z,”)V(zi,7)...V (Tn-1,7)
B(z1,7) B(zn-1,7)
_ Y2 > CI C’I'L
Vi) TV (z,(t/n)VF)
d MV (z,t1/P) o e /P
= c
V (z,tY8) V (=, (t/n)1/F) = "V (x,8/8)
cl
> —
zZ 7 (x,tl/ﬂ) exp (—Cn)
¢ _ofd@y’\TT
> ——— — Z gl
2V (a,078) exp C( "
Comparing (6.26) with (6.31) and (6.37), we obtain (6.27). O

Corollary 6.6. Under the hypotheses of Theorem 6.5, we have £ (u) < Eg(u) for
all uw € L2 (M). Consequently, F = W#/%2,

Proof. Indeed, by Lemma 4.2 we have £ (u) > cEg (u). Using the upper bound
(6.31) and Lemma (4.5), we obtain & (u) < CEg (u), which finishes the proof. U
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